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, ( ) ( ) , WKB
Painlev\’e . , $\langle$ FPainlev\’e
WKB ( ) ([KT1],













. , I Painlev\’e
$(P_{\mathrm{I}})$
$\frac{d^{2}\lambda}{dt^{2}}=\eta^{2}(6\lambda^{2}+t)$
( $\eta$ ) . $(P_{\mathrm{I}})$ ,
.
(1) $\lambda_{\mathrm{I}}(t;\alpha, \beta)=\lambda \mathrm{o}(t)+\eta-1/2\lambda_{1}/2(t, \eta)+\eta^{-1}\lambda_{1}(t, \eta)+\cdots$ .
$\lambda_{0}(t)$ $6\lambda_{0}.(t)^{2}+t=0$
$t$ \emptyset $\pm\sqrt{-t/6}$ ,
$\lambda_{1/2}(t, \eta)$
(2) $\lambda_{1/2}(t, \eta)=(12\lambda_{0})^{-1}/4(\alpha((12\lambda_{0})52)^{\alpha\beta\eta\phi \mathrm{I}}e+\eta\beta((12\lambda_{0})^{5}\eta^{2})-\alpha\beta-\eta\phi \mathrm{I})e$
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, $\lambda_{j/2}(t, \eta)(j\geq 2)$
(3) $\lambda_{j/2}(t, \eta)=\sum_{=k0}jb_{j}^{(j}-(/_{2k}2)((12\lambda 0)\mathrm{s}2)^{(}\eta-)\alpha\beta e^{(})t)j2kj-2k\eta\phi \mathrm{I}$
. $\alpha$ $\beta$ , $\phi_{1}$
(4)
.
, $\alpha$ $\beta$ 2
, $(P_{\mathrm{I}})$ – .
, 2 .
(A) $(P_{\mathrm{I}})$ , Stokes
$([\mathrm{T}3])$ .
(B) , Painlev\’e $(P_{\mathrm{I}})$
$([\mathrm{K}\mathrm{T}2])$ .
, 2 , Painlev\’e
( II Painlev\’e Ablowitz-Segur




, multiple-scale analysis $([\mathrm{A}\mathrm{K}\mathrm{T}|)$ , Hamilton
Birkhoff $([\mathrm{T}1|)$ 2
, ,

















( $\eta$ , $Q(x)$ ) ,
, Riemann $P^{1}(\mathbb{C})$ . , Riccati $(R)$ $\mathbb{C}_{x}\cross$
$P^{1}(\mathbb{C})$ 1 foliation , $(R)$ $P^{1}(\mathbb{C})$
.
Riccati ,









, $u\pm$ – . , Ric-
cati , Schr\"odinger ,
. , $(R)$ $u(x)$
$\psi(x)\text{ }$
(8) $\psi(x)=\exp(\eta\int^{x}u(y)dy)$ , i.e., $u(x)= \eta^{-1}\frac{d}{dx}\log\psi(X)$
, $\psi(x)$ Schr\"odinger
$(S)$ $\frac{d^{2}\psi}{dx^{2}}=\eta^{2}Q(X)\psi$
. , (8) , $(R)$ $u^{(0)}\pm$ $(S)$ WKB $\psi_{\pm}=$








$=$ $u_{+}(x; \frac{c_{-}}{c_{+}})$ .
, $c_{-}\psi_{-}$ , $u_{-}(x;c+/c_{-})$ $(R)$
. , $u+(x;\alpha)$ $u_{-}(x;1/\alpha)$ $\psi_{\pm}$ $(S)$
– ( ,
(9) $u_{+}(x; \alpha)=u_{-}(x;\frac{1}{\alpha})$











, . , Painlev\’e , Riccati
Schr\"odinger $(S)$
. ( )








Painlev\’e I , Hamilton
$(H_{\mathrm{I}})$ $\{$
$\frac{d\lambda}{dt}$ $=$
$\eta\frac{\partial \mathrm{A}_{\mathrm{I}}’}{\partial\nu}$ $=$ $\eta\nu$
$\frac{d\nu}{dt}$ $=$
$- \eta\frac{\partial I\iota_{\mathrm{I}}’}{\partial\lambda}$ $=$ $\eta(6\lambda 2+t)$
($\mathrm{c}_{-}\mathrm{c}^{-}\overline{\zeta}/\backslash \cdot \mathrm{H}\mathrm{a}\mathrm{m}\mathrm{i}1\mathrm{l}’ \mathrm{L}$ onian $\mathrm{A}_{\mathrm{I}}^{\Gamma}\tau \mathrm{Y}^{\grave{\mathrm{j}}_{\iota}\mathit{1}\backslash }’ \mathrm{I}=\nu^{-}/\tau’$)$’\wedge\angle’-$ ($2_{\grave{\Lambda}^{-}}/\mathrm{Q}+$ )
( $\eta\equiv 1$ ) , Okamoto [O1] , Hirzebruch






. , Painlev\’e I
$(P_{\mathrm{I}})$ ( $(H_{\mathrm{I}})$ ) $\mathbb{C}_{t}\cross\Sigma^{(2)}$ 1 foliation .
$\Sigma^{(2)}$ 1 $\lambda_{\underline{\mathrm{T}}}(t;\alpha, \beta)$
. ,
.
(cf. [JMU], $[\mathrm{O}2]$ etc), Painleve
( ) . $(P_{\mathrm{I}})$ (
$(H_{\mathrm{I}}))$ , 2 $(SL_{\mathrm{I}})$ $x=\infty$ Stokes
$t$ .
$(SL_{\mathrm{I}})$ $(- \frac{\partial^{2}}{\partial x^{2}}+\eta^{2}Q_{\mathrm{I}}(X, t, \lambda, \nu, \eta))\psi=0$ ,
, $Q_{\mathrm{I}}$ , Hamilton $(H_{\mathrm{I}})$ Hamiltonian $I\mathrm{f}_{\mathrm{I}}$
.
(11) $Q_{\mathrm{I}}=4x^{3}+2tx+2K_{\mathrm{I}}- \eta^{-1_{\frac{\nu}{x-\lambda}}}+\eta^{-2}\frac{3}{4(x-\lambda)^{2}}$.
$(SL_{\mathrm{I}})$ , $x=\infty$ Poincar\’e rank 5/2 ,
5 Stokes . 5 Stokes $t$ (in-
finitesimal ) $(P_{\mathrm{I}})$ .
Stokes . $x=\infty$ $(SL_{\mathrm{I}})$
(12) $\Psi_{\pm}=x^{-3/4}\exp\{\pm\eta(\frac{4}{5}x^{\mathrm{S}/2}+tx^{1/2})\}(1+O(x^{-1/}2))$
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. , $x=\infty$ $U_{j}=\{x\in \mathbb{C}$ ; ( $2j$ -
$3)\pi/5<\arg x<(2j+1)\pi/5\}$ , $U_{j}$
(13) $(\psi_{+}^{(j)},$ $\psi_{-)\sim}^{\mathrm{t}^{j)}}(\Psi_{+},$ $\Psi_{-)}$
$(SL_{\mathrm{I}})$ $(\psi_{+}^{(j)}, \psi_{-}^{(j)})$ – . ,
(14) $(\psi_{+}^{(}j-1),$ $\psi_{-}^{(j-}1))=(\psi_{+}(j), \psi_{-}(j))Sj$
( $S_{j}$ $2\cross 2$ ) , .
(15) $S_{j}=$ ($j$ ),
$S_{j}$
$s_{j}$ , $x=\infty$ $(SL_{\mathrm{I}})$ Stokes .
$(SL_{\mathrm{I}})$ Stokes , Its, Kapaev, Kitaev
( , $(SL_{\mathrm{I}})$ 2
, ... ). , $(SL_{\mathrm{I}})$
$x=\lambda$ ( )
$(-1)$ , (12) $\Psi\pm$ (
) $\arg x=0$ $\arg x=2\pi$ ( $x=\infty$ – )
$i\Psi_{\mp}$ ( , $i$ ) , (14)
$S_{j}$ (cf. [Ka], $[\mathrm{K}\mathrm{a}\mathrm{K}\mathrm{i}]$ , [Ki2] etc.).
(1.6) $s_{\mathrm{s}}S_{4}S3S2s1=$ .
$(SL_{\mathrm{I}})$ Stokes
(17) $1+s_{jj}-1^{\mathit{8}}+iS_{j2}+=0$ $(j\in \mathbb{Z})$





. , $1+s_{2}s_{3}\neq 0$ $s_{2}$ $s_{3}$ ,
$s_{j}$ (17)
(18) $s_{1}= \frac{i-s_{3}}{1+s_{2}s_{3}}$ , $s_{4}=.. \frac{i-s_{2}}{1+S_{2}s_{3}}$ , $s_{5}=i(1+s_{2}S_{3})$




(19) $\mathcal{M}=\{(s1, s2, s3, S_{4},\mathit{8}5)\in \mathbb{C}^{\mathrm{s}};. 1+S_{j}-1s_{j}+iSj+2=0(j\in \mathbb{Z})\}$
. $\mathcal{M}$ “manifold of monodromy
data”, “monodrorny manifold” .
, $\mathcal{M}$ , Kapaev-Kitaev $[\mathrm{K}\mathrm{a}\mathrm{K}\mathrm{i}]$
.
$\mathrm{m}\perp 1_{1\mathrm{e}\cup \mathrm{F}}\mathrm{e}_{1}\neg\overline{1}- 1\tau 1(/\mathrm{K}\mathrm{a}\mathrm{D}\mathrm{a}\mathrm{e}\mathrm{v}$-Kitaev, $\mathrm{r}_{Y_{\mathrm{x}}\mathrm{a}\mathrm{K}\dot{i}_{\mathrm{I}l}}|1\backslash$
$(P_{\mathrm{I}})$
$\mathrm{A}l$ bijective . , $(P_{\mathrm{I}})$ $\lambda(t)$ ,
$Q_{\mathrm{I}}$
$(SL_{\mathrm{I}})$ Stokes $(s_{1}, \cdots, s_{5})$
(20) { $(P_{\mathrm{I}})$ } $\ni\lambda(t)$ $-$ ( $(SL_{\mathrm{I}})$ Stokes ) $\in \mathcal{M}$
, .
[Ki2] ([Kil], [Ki3] ).
, Appendix .
, $(P_{\mathrm{I}})$ $\Sigma^{(2)}$ $\mathcal{M}$ –
. [ ?
, – . , [T3] ,
$(SL_{\mathrm{I}})$ Stokes explicit (formal $\eta$ all order )
. 1 .
[For $i)\mathrm{A}\pi/5<\arg\lambda_{0}<3\pi/5$ ] $[For-3\pi/5<\arg\lambda_{0}<-2\pi/5]$
$\{$
$s_{1}$ $=$ $ie^{-i\pi E/}2-i\beta x(-E)$







$s_{1}$ $=$ $ie^{i\pi E/}-2i\beta x(-E)$
$s_{2}$ $=$
$ie^{-i\pi E/2}$
$s_{3}$ $=$ $ie^{i}-\alpha\pi E/2\chi(E)e3i\pi E/4$
$s_{4}$
$=i\beta\chi(-E)e^{-}i\pi E/2$
$s_{5}$ $=$ $\alpha\chi(E)e^{i\pi}E/4$ .
$E=-8\alpha\beta$ , $\chi(z)=\frac{\sqrt{\pi}}{\Gamma(z/4+1)}2z/4+1$ .
1: $(SL_{\mathrm{I}})$ Stokes
, $(SL_{\mathrm{I}})$ Stokes , Painlev\’e
$t$ Stokes ( , Stokes well-
defined . ) 1 , $\{t\in \mathbb{C} ; -\pi/5<\arg t<\pi/5\}$ Stokes
110
, $(P_{\mathrm{I}})$ , $\lambda_{0}(t)=\pm\sqrt{-t/6}$
2 ( $\lambda_{\mathrm{I},\pm}(t;\alpha, \beta)$
). $(SL_{\mathrm{I}})$ Stokes , $\lambda_{0}(t)$
. 1 , Stokes $\arg\lambda_{0}$ $2\pi/5<$
$\arg\lambda_{0}<3\pi/5$ $(SL_{\mathrm{I}})$ Stokes , ,
$-3\pi/5<\arg\lambda_{0}<-2\pi/5$ Stokes
, .
manifold of monodromy data
$\Sigma^{(2)}$ $\cong$ $\mathcal{M}$ $arrow$ $\{\lambda_{\mathrm{I},\pm}(t;\alpha, \beta)\}$
(20) , 1
$(SL_{\mathrm{I}})$ Stokes . Kapaev-Kitaev
$(SL_{\mathrm{I}})$ Stokes $(P_{\mathrm{I}})$ , – Stokes
$(s_{1}, \cdots, s_{5})$ $\lambda_{\mathrm{I},+}(t;\alpha, \beta)$ $\lambda_{1,-}(t;\tilde{\alpha},\tilde{\beta})$ $(P_{\mathrm{I}})$
. , $\lambda_{0}(t)$ ,
$(\alpha\beta))$ Stokes – ,
$(P_{\mathrm{I}})$ .
, $\lambda_{\mathrm{I},\pm}(t;\alpha, \beta)$ , $(P_{\mathrm{I}})$
.
$(P_{\mathrm{I}})$ , – 1 –
. , Painlev\’e ,
.
, Painlev\’e – . “man-
ifold of monodromy data” , II OK (cf. [Ki3]) IV
,
( [FIK] ). . ,
mechanism . ( $(P_{\mathrm{I}})$
, (20) ,
. ) ,
Takano [ST], [MMT] (–
, Takano ,





Appendix , Kapaev-Kitaev .
, [Ki2] [Kil]
([Ki3] ).
, $p\eta$ 1 . , $s_{2}s_{5}\neq 0$
. , 2
$(SL_{\mathrm{I}})$ , $(SL_{\mathrm{I}})$ .
(21) $\frac{a^{J}\Psi}{dx}=(’(4x+t+24\lambda 2)\sigma 3^{-}i(4\lambda_{X}22\lambda 2)\sigma 2^{-(}2\nu X+-_{x}^{1\backslash })\sigma 1)+t+2\perp\Psi$
(22) $\sigma_{1}=$ , $\sigma_{2}=$ , $\sigma_{3}=$ .
$(P_{\mathrm{I}})$ $\lambda(t)$ ( $(H_{\mathrm{I}})$ $(\lambda(t),$ $\nu(t))$ ) ,
(21) $x=\infty$ Stokes $(s_{1}, \cdots, s_{5})$
.
. , $(P_{\mathrm{I}})$ 2 $\lambda_{1}(t)$ $\lambda_{2}(t)$ Stokes
. , $\Psi_{1},$ $\Psi_{2}$ (21) ( )
, 3 –
, $\Psi_{1}$ $\Psi_{2}$ $x=\infty$ , $\Psi_{1}^{-1}\Psi_{2}$
. , Liouville $\Psi_{1}=\Psi_{2}$ , $\lambda_{1}(t)=$
$\lambda_{2}(t)$ .
$\phi=\arg t$ , $3\pi/5+\epsilon\leq\phi\leq\pi-\epsilon(\epsilon>0)$ ,
(“ $\mathrm{B}_{\mathrm{o}\mathrm{u}}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{X}$ transformation”) .
$\xi=(e^{-i\phi}t)-1/4x$ , $\tau=\frac{4}{5}(e^{-}t)^{5}i\phi/4$ ,
(23)
$\lambda=(e^{-i\phi}i)^{1/2}u$ , $\nu=e^{-i\emptyset(e^{-}t)^{3}}i\phi/4(v+\frac{2u}{5\tau})$ .
, $\tau$ , $\tau$ (21)
. WKB
(24) $\Psi_{\pm}=\exp(\tau\int^{\xi}\mu(\xi)d\xi)\cross$ ( amplitude )
. $\mu(\xi)$
(25) $( \mu(\xi))^{2}=16\xi^{8}+8e^{i\phi}\xi^{4}+4a\emptyset\xi^{2}+b\phi+(\frac{2}{5\tau\xi})^{2}$ ,
112
(26) $a_{\phi}=e^{-2i\phi}(v+ \frac{2u}{5_{\mathcal{T}}})^{2}-2ei\phi 4u3u-$ , $b_{\phi}= \frac{8}{5t}e^{-i\phi}(v+\frac{2u}{5\tau})$ .
(25) $\mu(\xi)$ Riemann , $\Gamma$ .









$(Ass)$ , Riemann $\Gamma$ Riemann $\hat{\mathrm{r}}*$ .
(27) $\hat{\Gamma}^{*}:$ $w^{2}=z^{3}+ \frac{1}{2}e+\frac{1}{4}A_{\emptyset}=(i\emptyset_{Z}z-z1)(_{Z}-Z_{2})(_{Z}-Z_{3})$ ( $z=\xi^{2}$ )
$\hat{\mathrm{r}}*$
$u^{*}$ (Boutroux ,
$(P_{\mathrm{I}})$ . ) , $u^{*}$
(28) $e^{-2i\phi}( \frac{du^{*}}{d\tau})^{2}=4(u^{*})^{3}+2eu^{*}+i\emptyset A_{\phi}$
, Weierstrass $\wp$
(29) $u^{*}=\wp(e^{i\phi}\tau-\tau 0*\cdot.g_{2},g3)$ , $g_{2}=-2e^{i\emptyset},$ $g\mathrm{s}=-A\phi$
. , $(ASs)$ , $\tau$
(30) $\tau\in D_{\epsilon}=\{\tau\in \mathrm{R};|(e^{i\phi}\tau-\mathcal{T}0)-(\frac{n}{2}\Omega^{*}+a\frac{m}{2}\Omega^{*}b)|\geq\epsilon\}$
.
(31) $\Omega_{a,b}^{*}=\oint a,b\frac{dz}{w(z)}$ , $J_{a,b}^{*}= \oint a,bw(Z)d_{Z}$
( $a,$ $b$ , $z_{1}$ $z_{3}$ , $z_{2}$ $z_{3}$
– $\hat{\mathrm{r}}*$ ). .
, , (21) Fedoryuk WKB
. , Stokes $s_{2},$ $s_{5}$
(32) $s_{2}\sim s_{2}^{*}$ , $s_{5}\sim s_{5}^{*}$
. , $S_{2}^{*},$ $s_{5}^{*}$ $a,$ $b$
. ( $\tau_{0},$ $B_{\phi}$ depend . )
Step 2. (Inverse problem ) , ,




Lemma 1 $D_{\epsilon}$ $B_{\phi}$
(33) ${\rm Re} J_{a}^{*}={\rm Re} J_{b}^{*}=0$
. , (33) $A_{\phi}$ $\phi$ – – .
, $=(s_{1}, s_{2}, \cdots, S_{5})$
, $u^{*}(\tau)=u^{*}(\tau, sarrow),$ $\tau_{0}=\tau \mathrm{o}(sarrow),$ $B\emptyset=B\phi(\tau, sarrow)$ , A\mbox{\boldmath $\phi$}=A\mbox{\boldmath $\phi$}( .
$\tau_{0}$ $=$ $\frac{1}{4\pi i}(^{\wedge}r_{\iota\iota_{b^{\grave{\mathrm{l}}}}^{*\prime\text{ }}\mathrm{o}\mathrm{g}(^{\frac{S;}{s_{2}}}}.\text{ ^{ }+}\grave{1}\mathrm{o}\mathrm{g}(’iS2\text{ }\backslash )$ ,
$B_{\phi}$ $\log(\frac{s_{2}}{s_{5}})$ .
, $u(\tau$ , .
(34) $e^{-2i\phi}( \frac{du}{d\tau}+\frac{2u}{5_{\mathcal{T}}})^{2}-2e^{i}\phi u-4u^{3}=a_{\phi}=A_{\phi}+\frac{B_{\phi}}{\tau}$ .
, (I) (II) .
(I) $u(\tau, sarrow),$ $(du/d\tau)$ ( $\tau$ , ) $D_{\epsilon}$ , $(Ass)$ .
(II) , $u(\tau, sarrow)$ Step 1 . monodromy data $s_{\star}arrow=$
$s_{\star}(arrow\tau)$ , .
$u(\tau, sarrow)\sim u^{*}(\tau, S_{\star})arrow$ ,
$\tau_{0}(_{S)(^{arrow})}^{arrow}\sim\tau 0s_{\star}, B_{\phi}(_{\mathcal{T},S}\sim)\sim B_{\phi}(_{\mathcal{T}s_{\star}},\prec)$ ,
$s_{2}\sim s_{2},\star$ ’ $s_{5}\sim s5,\star$
(“asymptotically solvable” ).
, Brouwer , asymptotical solvability
solvable . , $=(S1, S2, \cdots, s5)$
, $(P_{\mathrm{I}})$ $\lambda(t)$ .
(i) monodromy data – .
(ii)
$\lambda(t)\sim|t|^{1}/2\wp(e^{i\phi}\mathcal{T}-\tau_{0} : g2, g_{3})$ $(\tau\in D)\epsilon$
( $g_{2}=-2e^{i},$$g3=-\phi A_{\phi},$ $\tau=\frac{4}{5}|t|5/4,$ $\emptyset=\arg t.$ )
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